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Recently graphene was introduced with tunable ripple texturing, a nanofabric enabled by
graphene’s remarkable elastic properties. However, one can further envision sandwiching the ripples,
thus constructing composite nanomaterial, graphene cardboard. Here the basic mechanical prop-
erties of such structures are investigated computationally. It turns out that graphene cardboard is
highly tunable material, for its elastic figures of merit vary orders of magnitude, with Poisson ratio
tunable from 10 to −0.5 as one example. These trends set a foundation to guide the design and
usage of metamaterials made of rippled van der Waals solids.
PACS numbers: 61.46.-w,62.25.-g,68.65.Pq,68.55.-a
Carbon nanomaterials have huge variations in their
mechanical and electronic properties. Materials such
as graphene, diamond-like carbon, carbon aerogels, and
soot show widely varying properties regarding porosity,
surface area, electric conductivity, chemical reactivity,
and optical and mechanical properties.1,2 However, cer-
tain nanomaterials can also be seen as building blocks
for more complex nanomaterials. A timely example are
nanotube forests, which were grown to provide elastic raw
material for twist-spun nanotube yarns used as custom-
made artificial muscles.3 While efforts to build composite
materials have often been exploiting carbon nanotubes,
also graphene is equally elastic and serviceable as a raw
material for more complex nanomaterials.5,6,8
Recent experiments reported free-standing periodic
rippling in graphene, analogously to the rippling of
satin sheets under shear.7 The ripples had tunable wave-
lengths with λ = 0.37 . . . 5 µm and amplitudes with
A = 7 . . . 30 A˚. Further experiments reported similar
findings, including much smaller ripples with λ = 7 A˚
and A = 0.5 A˚.8–10 The ripplings were also supported
by theory.11 However, it is easy to envision sandwitch-
ing the rippled graphene, to construct a single compos-
ite nanostructure, graphene cardboard of sort (Fig. 1a).
This would be a way of using graphene as a building block
to construct customized composite nanomaterials.
In this Letter, by using theoretical continuum mod-
eling, I investigate the main structural and mechanical
characteristics of graphene cardboards of various kind.
The aim is to explore structural phase diagram and to
calculate the elastic figures of merit. As it turns out,
graphene cardboards are highly tunable materials, dis-
playing positive and negative Poisson ratios and large
variations in elastic moduli. The results are intuitive
and easily generalizable to other layered van der Waals
materials.
To model the cardboard, a ripple of wavelength λ
and amplitude A is sandwitched between flat layers of
graphene above and below (Fig. 1b). The ripple’s crests
have a constrained distance h = 3.4 A˚ to the sand-
witch layers. This constraint is applied for clarity, and
the actual distance had minor effect on the key re-
sults. In practice the distance would be determined by
a)
b)
FIG. 1. Graphene cardboard. (a) A schematic of a rip-
pled graphene membrane sandwitched between two or more
graphene layers and welded together by electron irradiation.
(b) The basic geometry of a ripple of length λ and amplitude
A, attached by constrained distances to the layers above and
below.
patchy covalent bonds holding the sandwitch together,
introduced either by electron irradiation or by chemi-
cal functionalization.12,13 Although this is a schematic
model, it well suffices to capture the essentials of the
cardboard geometry. The parameters spanning the struc-
tural phase space are the wavelength λ and the shrinkage
of the rippled layer in x-direction, the apparent ”strain”
εx = (l − λ)/l, where l is the unstrained length prior to
rippling. The amplitude A is an outcome of structural
optimization; deformations are introduced by constrain-
ing the amplitude or crests’ lateral displacements.
The initial modeling was done by density-functional
theory (DFT) simulations that used a van der Waals
(vdW) xc-functional (see Supplemental Material14).
With λ = 34.1 A˚ and εx = 0.2 the structural optimiza-
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2FIG. 2. Comparison of total energy from DFT (circles) and
elastic model (curve). Insets show the superimposed ripple
profiles from DFT (circles) and from elastic model (curves).
The energy minima are set to zero.
tion resulted in the familiar sine-type ripple with an am-
plitude A = 11.4 A˚ (Fig. 2). Compression resulted in
a square-shaped profile and tension in a volcano-shaped
profile. These results are not surprising, as graphene has
repeatedly been reported to behave like a classical elas-
tic membrane despite its atomic thickness.8,15–17 Also
here, therefore, I compare results from DFT to results
from an elastic model containing bending energy (pro-
portional to bending modulus κ), strain energy (propor-
tional to in-plane modulus k), and van der Waals energy
(proportional to adhesion energy εvdW); see Supplemen-
tal Material for details.14 As anticipated, quantum and
classical models agree fairly well regarding ripple profiles,
deformation energetics, and optimal amplitudes (Fig. 2).
Calculations with other values of λ and εx resulted in a
similar agreement. The agreement is not perfect, but it
well suffices for the trend-hunting purposes of this work.
Thus, the elastic model was the method of choice to pro-
ceed calculating material properties as a function of λ
and εx.
Optimizing the cardboard geometries for λ = 3−100 A˚
and εx = 0 − 0.7 revealed four phases (Fig. 3a). In
phase 1, when εx is small, layers remain flat because
the compressive stress is yet insufficient to overcome the
vdW adhesion. When the apparent strain increases to
εx = ε
12
x (λ), system makes a transition to a phase 2 with
ripples. At the limit of shallow ripples, the model yields
the sine-type profile
z(x) =
(
2λ
pi
√
εx
1− εx
)
sin2(pix/λ), (1)
where the expression in brackets is the amplitude A =
A(λ, εx) (see Supplemental Material
14). At the onset
of rippling the amplitude jumps from zero to Amin =
0.28h = 0.95 A˚, corresponding to the emergence of two
energy minima in the vdW function of the sandwitch
1
2
3
4
FIG. 3. Graphene cardboard phase diagram. (a) Contour plot
of ripple amplitude A versus (λ, εx)-plane with four phases:
flat layer (1), sine-type ripples (2), mushroom-type ripples
(3), and collapsed ripples (4). (b) Areal densities for bending
energy (Ebend), strain energy (Estrain), van der Waals energy
(EvdW), and the total energy (Etot) (for uncollapsed ripples).
The minimum of EvdW is set to zero and all plots have the
same scale with energy maximum of 100 meV/A˚2.
[W2(z) in Eq. (1) of Supplemental Material]. The tran-
sition 1 → 2 occurs when EvdW = 15εvdWA2/h2 at
A = Amin becomes less than Estrain = kε
2
x/2, yield-
ing ε12x = 1.5
√
εvdW/k = 0.044, in agreement with
the simulations. This estimate however applies only for
λ & λco = 10 A˚, a length scale discussed more later.
Then, as εx increases further, ripple grows and begins
deviating from the sine-profile, until at εx = ε
23
x (λ) it
acquires vertical sections, forming a mushroom-type pro-
file in phase 3. The transition 2 → 3 is continuous, but
its expressions can be seen in the mechanical properties
later. Upon further increasing εx, the mushroom’s cap
widens, which strengthens the vdW interactions of the
ripple with itself, until at εx = ε
34
x (λ) they become strong
3enough to make transition to phase 4 with collapsed rip-
ples. The collapsed phase has many energy minima and
the relevant geometries depend on the construction pro-
cess of the cardboard.18–20 Therefore, it is sensible only
to estimate the threshold for the collapse (see Supple-
mental Material14); the collapsed phase itself is not in-
teresting because of properties similar to plain multilayer
graphene.
The above-mentioned scale λco determines the
crossover from bending- to vdW-dominated energetics.
Namely, the onset of rippling arises at small λ from
the competition between strain and bending energies,
and at large λ from the competition between strain
and vdW energies. Therefore the crossover scale λco
occurs when the bending and vdW energies are equal,
implying κA2minpi
2/λ4co = 15εvdWA
2
min/h
2, or λco ≈
10 A˚. Above λco graphene cardboard’s properties evolve
monotonously.
A closer investigation of the energy contributions re-
veals clear trends (Fig. 3b). The maximum strain in the
middle layer prior to rippling for λ > λco is εx,max = ε
12
x ,
corresponding to strain energy 21 meV/A˚2. After rip-
pling, however, the strain energy vanishes and the elastic
energy becomes bending-dominated with Ebend ∼ λ−2.
Because this energy decreases rapidly upon increasing
λ, bending and strain are comparable only at λ close
to or smaller than λco. The vdW energy decreases
monotonously upon increasing εx. In principle rippling
also creates compressive stress in x-direction, but in prac-
tice the induced strains are below ∼ 0.1 % at λco and
decrease rapidly with increasing wavelength.
The cardboard can be further characterized by cer-
tain interesing properties. First, the maximum curva-
ture within the ripples is Kmax ∼ 0.3 A˚−1, a univer-
sal curvature of an exfoliating graphene-graphene inter-
face. An estimate for this scale is obtained by equating
the competing bending and vdW energies as Kmax ≈√
2εvdW/κ = 0.2 A˚
−1. Second, an estimate for the ra-
tio A/λ = 2/pi
√
εx/(1− εx) from Eq.(1) is unexpectedly
close to the observed ratio even when ripples deviate from
the sine-profile. Third, material porosity ranges from
zero at small εx up to 90 % at λ = 100 A˚ and 99 % at
λ = 1 µm; the maximum porosity is limited due to the
collapsing instability.
Particularly interesting are cardboard’s mechanical re-
sponses to structural deformations (Fig. 4). The relevant
deformations here are compression in z-direction, shear
along x-direction, shear along y-direction, and tension
along x-direction; other deformations are not as inter-
esting regarding the relevant properties of the structure.
Young’s modulus for z-compression is dominated by rip-
ples’ bending energy, causing the modulus to decrease
rapidly with increasing λ (Fig. 4a). Thus, the modu-
lus can be tuned greatly by varying λ. For compari-
son, the Young’s modulus of a bundle of single-walled
carbon nanotubes with a diameter of D = λ is approx-
imately YCNT = 18piκ/D
3, which is close Yz(λ = D)
with εx = 0.5.
21 This coincidence is plausible because
FIG. 4. The elastic parameters of graphene cardboard. (a)
Young’s modulus (Yz) and shear moduli (Gx and Gy) for dif-
ferent εx. Comparison is made with Young’s modulus for
a bundle of single-walled carbon nanotubes with diameters
(D = λ). (b) Poisson ratio σxz = −∆A/δλ superimposed for
all εx (transparent circles with size proportional to λ). Line
is an analytical estimate, Eq.(2).
at εx ≈ 0.5 the ratio A/λ is not far from one, meaning
that the curvatures in the ripple and in the cylinder are
similar. The modulus for shear along the ripples involves
shear in the plane of the rippled graphene and can be
solved as Gy = 4Ggr(1−εx)(A/λ)2 = 16Ggrεx/pi2, where
Ggr = 9.5 eV/A˚
2 is the graphene shear modulus.8 The
shear modulus Gx, in turn, involves changes in Ebend and
decreases rapidly, roughly as Gx ∝ λ−2. Thus, the shear
moduli of graphene cardboard are mostly anisotropic,
but the degree and the sense of directionality depends
both on λ and εx.
Regarding Poisson ratios, it is opportune to note that
the energy scale for strain in x-direction is much larger
than the energy scale for strain in z-direction. For this
reason a compression in z-direction does not change λ,
rendering the Poisson ratio σzx = 0. For the same rea-
son, on the contrary, a tension in x-direction can change
the ripple amplitude, implying a non-zero Poisson ratio
σxz = −∂A/∂λ|l=const.. Similarly, also σyz is non-zero,
but tension in y-direction only stretches graphene, which
is not interesting in this context. While the Young’s mod-
4ulus for the strain in x-direction is simply Yx ≈ 2k/A,
the Poisson ratio σxz reveals far more interesting behav-
ior (Fig. 4b). It shows qualitative tunability, with values
ranging from the maximum positive value of ≈ 10 to a
minimum negative value of ≈ −0.5. While it also de-
pends on wavelength, especially at small length scales,
the main trend is captured by the dependence on εx. An
estimate for the ratio from Eq. (1) yields
σxz =
1
2εx
− 1, (2)
in good agreement with the general trend (Fig. 4b). The
maximum of σxz at the minimum accessible εx = ε
12
x
thus corresponds to ripples with amplitude Amin. The
Poisson ratio decreases with increasing εx until around
εx = 0.25 it corresponds to the ideal ratio of carbon nan-
otubes, which equals one independent of tube diameter.
When εx approaches 0.5, the Poisson ratio goes to zero.
This region corresponds to ripples close to the transi-
tion from sine- to mushroom-type profiles. Indeed, it is
intuitively plausible that upon decreasing λ (while keep-
ing the length l constant) sine-type profiles increase in
height, mushroom-type profiles decrease in height, and
profiles near the phase boundary ε23x show heights that
remain unchanged.
Although the model has its limitations, it should cap-
ture the main trends correctly. First, the choice for the
distance between the ripple crest and the sandwitch has
an effect only at small λ. Second, the choice for the form
of vdW interaction, Eq. (1) in Supplementary Material,
also has an effect only at small εx. Third, patchy covalent
bonds between the ripple and the sandwitch layers would
create sp3-hybridized atoms and affect graphene bending
modulus or create kinks. If the density such atoms is
small, however, the importance of this effect should re-
main limited. Fourth, the model assumes a free-standing
cardboard and ignores the role of substrates. Yet, it has
been shown that dispersion forces in layered materials the
are relevant solely for neighboring layers, at least in the
absence of charging effects.9 Therefore, while stabilizing
the bottom sandwitch layer, substrates would induce only
minor quantitative displacements in the phase transition
lines of Fig. 3a (principally only in ε12x ); their presence
would not change the overall picture. Fifth, even though
in practice the sandwitch layers too will corrugate, its
magnitude should remain small in view of the large en-
ergy invested in in-plane strain as compared to bending
energy.23,24 Extension of the model to multilayer ripples
using revised κ and k25 show similar phases, only length
scales are larger; this extension is however limited to thin
sheets due to delamination issues.26
The practical realization of graphene cardboard is
undoubtedly a challenging problem, but there are dif-
ferent ways to approach it. One way is to create
rippling by shear27, by mechanical loading28, or by
thermal ripple generation.7 Another way is to apply
bending or pre-strain to flexible elastomers used as
graphene substrates.29,30 Even substrates themselves can
be introduced with ripple-generating reconstructions or
nanotrenches.10 The sandwitching of the ripples with cur-
rent experimental specifications is admittedly challeng-
ing, but perhaps not insurmountable.
To conclude, graphene cardboard has revealed mechan-
ical characteristics that are tunable with respect to the
phase-space parameters λ and εx. The phase diagram
thus obtained can serve as a starting point for investi-
gations of electronic structures modified by the periodic
modulations arising from bending and periodic contacts
to the sandwhich layers. The experimental realization of
the sandwitching process remains an open question, espe-
cially at small ripple wavelengths, but the trends shown
here should provide a useful guideline and motivation to
make the experimental efforts worthwhile.
I acknowledge the Academy of Finland for funding
(grant number 251216) and the Finnish IT Center for
Science (CSC) for computational resources.
∗ email:pekka.koskinen@iki.fi
1 J. E. Morris and K. Iniewski, eds., Graphene, Carbon Nan-
otubes, and Nanostructures: Techniques and Applications
(CRC press, 2013).
2 J. W. Mintmire, B. I. Dunlap, and C. T. White, Phys.
Rev. Lett., 68, 631 (1992).
3 M. D. Lima, N. Li, M. Jung de Andrade, S. Fang, J. Oh,
G. M. Spinks, M. E. Kozlov, C. S. Haines, D. Suh, J. For-
oughi, S. J. Kim, Y. Chen, T. Ware, M. K. Shin, L. D.
Machado, a. F. Fonseca, J. D. W. Madden, W. E. Voit,
D. S. Galvao, and R. H. Baughman, Science, 338, 928
(2012).
8 K. Kudin, G. Scuseria, and B. Yakobson, Physical Review
B, 64, 235406 (2001).
5 a. K. Geim and K. S. Novoselov, Nature materials, 6, 183
(2007).
6 a. H. Castro Neto, N. M. R. Peres, K. S. Novoselov, and
a. K. Geim, Reviews of Modern Physics, 81, 109 (2009).
7 W. Bao, F. Miao, Z. Chen, H. Zhang, W. Jang, C. Dames,
and C. N. Lau, Nature nanotechnology, 4, 562 (2009).
8 C.-C. Chen, W. Bao, J. Theiss, C. Dames, C. N. Lau, and
S. B. Cronin, Nano letters, 9, 4172 (2009).
9 Y. Wang, R. Yang, Z. Shi, L. Zhang, D. Shi, E. Wang, and
G. Zhang, ACS nano, 5, 3645 (2011).
10 L. Tapaszto´, T. Dumitric, S. J. Kim, P. Nemes-Incze,
C. Hwang, and L. P. Biro´, Nature Physics, 8, 739 (2012).
11 W. H. Duan, K. Gong, and Q. Wang, Carbon, 49, 3107
(2011).
12 A. V. Krasheninnikov and F. Banhart, Nature materials,
6, 723 (2007).
13 A. Locatelli, C. Wang, C. Africh, N. Stojic´, T. O. Mente,
G. Comelli, and N. Binggeli, ACS nano, 7, 6955 (2013).
14 See supplemental material at the end of this document for
method details.
515 G. V. Lier, C. V. Alsenoy, V. V. Doren, and P. Geerlings,
Chemical Physics Letters, 181 (2000).
16 M. Topsakal and S. Ciraci, Phys. Rev. B, 81, 24107 (2010).
17 O. O. Kit, T. Tallinen, L. Mahadevan, J. Timonen, and
P. Koskinen, Phys. Rev. B, 85, 85428 (2012).
18 T. Paronyan, E. Pigos, and G. Chen, ACS nano, 9619
(2011).
19 K. Kim, Z. Lee, B. D. Malone, K. T. Chan, B. Aleman,
W. Regan, W. Gannett, M. F. Crommie, M. L. Cohen,
and A. Zettl, Phys. Rev. B, 83, 245433 (2010).
20 L. Ortolani, E. Cadelano, G. P. Veronese, C. D. E. Boschi,
E. Snoeck, L. Colombo, and V. Morandi, Nano letters,
12, 5207 (2012).
21 Both the Young’s modulus and the shear moduli are nor-
malized to the ripple volume ∝ Aλ.
9 T. Bjo¨rkman, A. Gulans, A. Krasheninnikov, and
R. Nieminen, Physical Review Letters, 108, 235502
(2012).
23 M. Yamamoto, O. Pierre-Louis, J. Huang, M. S. Fuhrer,
T. L. Einstein, and W. G. Cullen, Physical Review X,
2, 041018 (2012).
24 O. Pierre-Louis, Physical Review E, 78, 021603 (2008).
25 P. Koskinen and O. O. Kit, Phys. Rev. B, 81, 235420
(2010).
26 P. Koskinen, Journal of physics: Condensed matter, 25,
395303 (2013).
27 K. Min and N. R. Aluru, Appl. Phys. Lett., 98, 13113
(2011).
28 N. Neek-Amal and F. M. Peeters, Phys. Rev. B, 82, 85432
(2010).
29 P. Poncharal, Z. L. Wand, D. Ugarte, and W. A. de Heer,
Science, 283, 1513 (1999).
30 Y. Sun and J. a. Rogers, Journal of Materials Chemistry,
17, 832 (2007).
6Supplemental Material
Density-functional simulations were done by GPAW
code1,2, using a self-consistent vdW-DF xc-functional.3,4
This functional describes reasonably the energetics and
bonding in van der Waals solids, graphene in particular.5
The simulation cell was periodic along x and y axes
(Lx = λ, Ly = 2.46 A˚), and non-periodic along z axis
(using 6.0 A˚ vacuum). Grid spacing was 0.20 A˚ and the
reciprocal space had 4 × 10 points. Ripple crests had a
h = 3.4 A˚ distance constraint from the sandwitch layers
and the optimizations used either constrained or uncon-
strained total thickness H = A+ 2h.6
The elastic model contains bending, stretching, and
van der Waals contributions.7 First, the bending energy
is Ebend = κ/(2λ)
∫
K(l)2dl, where κ = 1.47 eV is the
bending modulus,8 K(l) = 1/R is curvature with ra-
dius of curvature R, and integration is along the ripple.
(Energies are per surface area of the cardboard.) Sec-
ond, the strain energy is Es = k/(2λ)
∫
(l)2dl, where
k = 22.0 eV/A˚2 is the in-plane modulus8 and (l) is the
local strain. Third, regarding the van der Waals interac-
tion, to a good approximation it can be considered only
between adjacent layers.9 Thus, for the Lennard-Jones
12 − 6 pair potential VLJ = 4εLJ [(h/r)12 − (h/r)6], the
vdW energy is
EvdW = λ
−1
∫
W2(z(l))dl, (3)
where W2(z) is the vdW potential as seen by the rip-
pled layer. The potential is W2(z) = W (z) +W (A− z),
where W (z − h) = −5/3εvdW(h/z)4[1 − 2/5(h/z)6].
The connection to Lennard-Jones parameters is εvdW =
6piεLJh
2/(5A2c), where Ac = 2.62 A˚
−1. The value εLJ =
3.0 meV hence corresponds to εvdW = 18.3 meV/A˚
2.10
When Ebend dominates and A/λ is small, K ≈ z′′(x)
and the ripple becomes z(x) = A sin2(xpi/λ). This
implies A = 2λ/pi
√
εx/(1− εx), Ebend = κA2pi4/λ4,
and EvdW = 15εvdWA
2/h2. In the general case a
parametrized surface (x(t), z(t)) was interpolated by cu-
bic splines with 23 points (×11 for integration); optimiza-
tion constraints were as in DFT simulations.
The threshold for collapsing was estimated by equating
the energies of a standing and a fully collapsed ripples.
The energy of a ripple adhered within a lenght L to other
layers is E = −εvdWL+Ebend. A standing ripple has L ≈
λ and bending is dominated by four corners with K ≈
0.1 A˚−1; a collapsed ripple has L ≈ λ[1 + 3/2εx/(1− εx)]
and bending is dominated by two half-circles with K ≈
2/h (depending on the precise geometry; cf. Fig. 3a).
Thus the estimate for the instability threshold becomes
ε34x (λ) = 1− 1/[1 + 2(Ecollbend − Estandbend )/3λεvdW], (4)
as shown in Fig. 3a.
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